Let D be a digraph, V (D) and A(D) will denote the sets of vertices and arcs of D, respectively.
Introduction
For general concepts and notation we refer the reader to [3, 6, 14] , particularly we will use the notation of [14] for walks, if C = (x 0 , x 1 , . . . , x n ) is a walk and i < j then x i C x j will denote the subwalk (x i , x i+1 , . . . , x j−1 , x j ) of C . Union of walks will be denoted by concatenation or with ∪. If S, T ⊆ V (D) an arc (u, v) ∈ A(D) will be called an ST -arc whenever u ∈ S and v ∈ T ; analogously, a directed walk C will be called an ST -directed walk whenever the initial vertex of C belongs to S and the final vertex of C belongs to T . If S = {u}, an ST -directed walk will be called an uT -directed walk, and analogously if T = {v}. If D is a digraph with vertex set {v 1 , v 2 , . . . , v n } and H 1 , H 2 , . . . , H n are digraphs with disjoint . We want to emphasize three aspects about this work, the introduction of generalizations of transitive and quasi-transitive digraphs, the importance of finding large families of digraphs with k-kernel, and the results obtained about k-kings in this new families of digraphs. So, we will begin with a little background about quasi-transitive digraphs, k-kernels and k-kings.
A graph is a comparability graph if it admits a transitive orientation, Berge proved that comparability graphs are perfect. Quasi-transitive digraphs were introduced in [21] by Ghouila-Houri to characterize comparability graphs as those graphs that admit a quasi-transitive orientation, so, every asymmetrical quasitransitive digraph can be reoriented into a asymmetrical transitive digraph. Later, quasi-transitive digraphs were studied as a generalization of semicomplete digraphs, where they were found to have very nice properties. Maybe the nicest property that quasi-transitive digraphs have is a recursive structural characterization proved by Bang-Jensen and Huang in [4] , in terms of compositions of digraphs. This characterization can be used to prove that, for instance, the longest path and cycle problems are polynomial time solvable in this family, or to characterize Hamiltonian and traceable quasi-transitive digraphs. Also, simple sufficient conditions have been found for quasi-transitive digraphs to have a kernel by Galeana-Sánchez and Rojas-Monroy [20] . So, the family of quasi-transitive digraphs is a good one to verify the behavior of difficult problems.
Also, a generalization of quasi-transitive in the same direction that we propose have been studied before, that is 3-quasi-transitive digraphs, which where introduced by Bang-Jensen in the context of arc-locally semicomplete digraphs. Arc locally semi-complete digraphs were thought as a generalization of semicomplete digraphs that could also contain semicomplete bipartite digraphs [1] . This family is characterized by two sets of forbidden substructures (families H 1 and H 2 in Figure 1 ), both of them arising from orientations of the path of length 3, but whit this logic, another two sets of forbidden substructures can be considered; 3-quasi-transitive digraphs are those digraphs which do not have any subdigraph of the family H 3 of Figure  1 as an induced subdigraph. In [2] , Bang-Jensen obtained a characterization of 3-quasi-transitive strong digraphs which turned out to be incomplete, but Galeana-Sánchez, Goldfeder and Urrutia completed this characterization in [16] . This class of digraphs also has a lot of structure, but it remains as an open problem to characterize the non-strong 3-quasi-transitive digraphs.
Figure 1: Each of the 4 digraphs shown denote a class of digraphs H i with 4 vertices containing the 3 arcs shown and having no arc between the two vertices with a dotted edge between them. All other arcs not shown and not with the same end vertices as the dotted edge are possible in H i .
A kernel in a digraph D is a subset N ⊆ V (D) which is independent (or stable) and absorbent, that is, for every vertex u ∈ V (D) \ N there is a vertex v ∈ N such that (u, v) ∈ A(D). Since its introduction in [31] by Von Neumann and Morgtenstern, the concept of kernel of a digraph has been vastly studied as a consequence of its applications in game theory and principally because the relation between kernels and perfect graphs [10] ; but also it has found applications in list coloring and mathematical logic problems [8] , nevertheless, the problem of determining when a digraph has a kernel is far from being solved, as a matter of fact, Chvátal proved that it is an NP-complete problem [12] , so finding sufficient conditions for a digraph to have a kernel or finding large families of digraphs with kernel have been a very prosperous line of investigation explored by many authors, e.g., Berge, Duchet, Galeana-Sánchez and Meyniel.
Although the kernel problem is a very difficult one, there are many generalizations of the concept of kernel that are very attractive because of their possibility to reflect (or model) more or different information that the concept of kernel can, and thus, their potential for applications in both other areas of mathematics or real life problems. Just to mention some of these generalizations we have kernels by directed paths (which will be defined in Section 2), or kernels by monochromatic directed paths; but a very natural one is the concept of quasi-kernel (which is a (2, 2)-kernel) this concept was studied by Chvátal and Lovasz, proving that every digraph has a quasi-kernel in [13] , and later by Jacob and Meyniel in [24] ; this concept relaxes the notion of absorbence, letting the set that acts as a quasi-kernel to absorb vertices at a greater distance. Based on the result of Chvátal and Lovasz it did not make sense to increase more the absorbence distance without imposing a restriction to the independence, so Kwaśnik and Borowiecki proposed the concept of (k, l)-kernel (defined in the abstract) in [26] , under this notion, a kernel in the usual sense is a 2-kernel, but this concept give us the possibility to decide how far vertices in our chosen set are gonna be, both between them (k-independence) and from the rest of the vertices in the digraph (l-absorbence). The notion of solution set of a digraph is dual to the notion of kernel, a (k, l)-solution is defined to be a k-independent, l-dominating set of vertices, and it is clear that a digraph D has a (k, l)-kernel if and only if the digraph that results from D by the reversal of all its arcs, ← − D, has a (k, l)-solution. In [11] , Bród, Włoch and Włoch proved that the problem of finding a k-kernel in a digraph D can be reduced to the problem of finding a kernel in another digraph called the k-transitive closure of D, so the problem of deciding if a given digraph has a k-kernel is also N P -complete. In [32, 33] Szumny, Włoch and Włoch work on the existence of k-kernels in the lexicographic product and composition of digraphs and in [34, 35] Włoch and Włoch investigate the existence of k-kernels in the corona and products of digraphs. Galeana-Sánchez and Hernández Cruz have also studied the existence of k-kernels in some large families of digraphs, e.g, the existence of k-kernels for every k ≥ 3 is proved for quasi-transitive digraphs along with sufficient conditions for the existence of k-kernels in pre-transitive digraphs in [17] , in [18] is proved that every unilateral cyclically k-partite digraph has a k-kernel, and the existence of k-kernels for k ≥ 4 in multipartite tournaments and a characterization of multipartite tournaments with 3-kernel is given in [19] .
A particular case of k-kernels is considering a k-kernel consisting in only one vertex. Since a k-kernel is a (k − 1)-absorbing set, this kind of k-kernel can be found in the literature under the name of (k − 1)-serf. But the dual notion is the most popular version of this problem, the existence of k-dominating vertices in digraphs, called k-kings, which are particular cases of (k + 1)-solutions. The problem of finding k-kings in digraphs have been largely studied for some classes of digraphs, the principal are multipartite tournaments and multipartite semicomplete digraphs [22, 23, 25, 28, 29, 30] , but also Bang-Jensen and Huang explored this problem for quasi-transitive digraphs in [5] , proving in particular that a quasi-transitive digraph has a 3-king if and only if it has one unique terminal strong component. In both these families, considering necessary restrictions like the number of vertex with out-degree equal to zero of the number of initial components, the existence was proved for small k (4 and 3 respectively), so the problem that has been approached since then is finding the number and configurations of k-kings in such digraphs.
In this paper we prove that every k-transitive digraph has an n-kernel for every n ≥ k, which was to be expected from the case when k = 2, but maybe the most interesting family of the three we introduce is the kquasi-transitive digraphs. We prove that if k is even, D is a k-quasi-transitive digraph and u, v ∈ V (D) such that d(u, v) ≥ k + 2, then d(v, u) = 1; this result is used to prove that for even k, every k-quasi-transitive digraph has an n-kernel for every n ≥ k + 2 and that a k-quasi-transitive digraph has a (k + 1)-king if and only if it has a unique initial strong component, generalizing the result of Bang-Jensen and Huang. For
if n is odd and d(v, u) ≤ 2 if n is even; this result is used to prove that, with an additional hypothesis, for odd k, k-quasi-transitive digraphs have n-kernel for n ≥ k + 2. We also use the structural characterization of 3-quasi-transitive strong digraphs given by Galeana-Sánchez, Goldfeder and Urrutia to prove that every 3-quasi-transitive strong digraph has a k-kernel for every k ≥ 4.
k-path-transitive digraphs
We begin this work introducing a quite simple family of digraphs that will be used as a tool to prove some results in the next sections. Definition 2.1. A digraph D is called k-path-transitive if whenever there are a uv-directed path of length less than or equal to k and a vw-directed path of length less than or equal to k, then there exists a uw-directed path of length less than or equal to k.
Lemma 2.2. A digraph D is k-path-transitive if and only if whenever u, v ∈ V (D) and there exists a
Proof. First let D be a k-path-transitive digraph, u, v ∈ V (D) two arbitrary distinct vertices and C = (u = x 0 , x 1 , . . . , x n = v) a uv-directed path in D. We will prove by induction on n that d(u, v) ≤ k. If n ≤ k then we are done. Let us assume that the result holds for every m < n and consider the uv-directed path C of length n ≥ k + 1. Clearly (x 0 , x 1 ) is a x 0 x 1 -directed path of length ≤ k and x 1 . . . x k+1 is a x 1 x k+1 -directed path of length less than or equal to k, then, by the k-path-transitivity of D there must exist a x 0 x k+1 -directed path of length ≤ k, let us say, C . So C ∪ x k+1 C x n is a x 0 x n -directed path of length less than n and by induction hypothesis it follows that d(u, v) ≤ k. Now, let D be a digraph such that whenever u, v ∈ V (D) and there exists a uv-directed path in D, then d(u, v) ≤ k. Let C and D be uv and vw-directed paths of length less than or equal to k, then C ∪ D is a uw-directed path in D so d(u, w) ≤ k and a uw-directed path of length less than or equal to k exists.
To prove the next theorem we need the definition of another generalization of the concept of kernel. If D is a digraph, a subset S ⊆ V (D) is independent by directed paths if whenever u, v ∈ S then there does not exist uv-directed paths neither vu-directed paths in D; and it is absorbent by directed paths if whenever u ∈ V (D) \ S, there exists a vertex v ∈ S such that a uv-directed path exists in D; the set S is a kernel by directed paths if it is both independent and absorbent by directed paths. Berge proved that every digraph has a kernel by directed paths, a proof of this fact can be consulted in [6] , and as an obvious dual result it can be derived that every digraph has a solution by directed paths. Theorem 2.3. If D is a k-path transitive digraph then D has an n-kernel for every n ≥ k + 1.
Proof. It suffices to to choose a kernel by directed paths of D, let us say N , we affirm than N is also an n-kernel. It is clearly n-independent for every n ≥ k because N is independent by directed paths. Now, let u ∈ V (D) \ N be an arbitrary vertex in the complement of N , then there is a uv-directed path for some v ∈ N , because N is absorbent by directed paths, but in virtue of Lemma 2.2, there is also a uv-directed path of length less than or equal to k, so N is n − 1-absorbent for every n ≥ k + 1. Thence, N is an n-kernel for D.
The particular case of k-kings is considered in the next theorem. 
k-transitive digraphs
The next definition generalizes the definition of transitive digraphs.
Proof. Let u, v ∈ V (D) be arbitrary distinct vertices and let C = (u = x 0 , x 1 , . . . , x n = v) be a uv-directed path. We will prove by induction on n that d(u, v) ≤ k − 1. If n ≤ k − 1 then we are done. So let us assume that n ≥ k, then, by the k-transitivity of D, since
is a uv-directed path of length strictly less than n, we can derive from the induction hypothesis that d(u, v) ≤ k − 1. The result follows from the principle of mathematical induction and Lemma 2.2.
Just like the transitive case, the k-transitive case is very simple to analyze, at least the obvious generalization of the theorem that affirm that if D is a (2−)transitive digraph, then D has a (2−)kernel, which can be found in [6] .
Proof. It follows immediately from Lemma 3.2 and Theorem 2.3.
And once again, the particular case of k-kings. Let us make the rather obvious observation that a digraph D is k-transitive if and only if ← − D is ktransitive, so every result for k-kernels has a dual for k-solutions, and the same is true for k-kings and k-serfs.
Thus, since our main interest is to find families of digraphs with k-kernel, we only present a simple exploration of both the k-path-transitive and k-transitive digraphs, but considering the rich structure of transitive digraphs, a lot of questions arise concerning the structure of both strong and non-strong k-transitive digraphs. It is clear that transitive strong digraphs are complete digraphs, and that the condensation of a transitive digraphs is again a transitive digraph. However, this is not true for k-transitive digraphs, ktransitive strong digraphs are not complete digraphs and the condensation of a k-transitive digraph is not ktransitive, but k-path-transitive. So is a natural question to ask if k-transitive digraphs have a nice structural characterization. At least is easy to observe that for every k ≥ 2, a k-transitive strong digraph have diameter ≤ k − 1. Also, what happens to the n-kernels for n ≤ k in k-transitive digraphs, is k the least integer such that every k-transitive digraph has a k-kernel? We think that these are two interesting problems.
k-quasi-transitive digraphs: Preliminaries
Among the families we introduce in this work, k-quasi-transitive digraph seem to be the most interesting one. At least for us, the most intuition-defying results where obtained for this family.
From the definition above it is clear that a quasi-transitive digraph in the usual sense is a 2-quasitransitive digraph. Also, 3-quasi-transitive digraphs have been studied in [2] , where the still open problem to characterize such digraphs is proposed. 
Proceeding as Bang-Jensen in the study of quasi-transitive digraphs we propose the following lemmas.
Proof. By induction on i. For the base case, let
The desired result now follows from the principle of mathematical induction.
Lemma 4.4. Let k ∈ N be an even natural number, D a k-quasi-transitive digraph and u, v ∈ V (D) such that a uv-directed path exists. Then:
is a vu-directed path of length k + 1.
By induction on
and in the latter case we can deduce that (
It is clear that (C ) = 1 + (x 2 C x k ) + 1 = 1 + (k − 2) + 1 = k, and by the k-quasi-transitivity of D and the fact that d(x 0 , x n ) = n it follows that (x n , x 0 ) ∈ A(D). So the base case holds.
If n = k + 3, then by the base case and Lemma 4.3, we have that d(v, u) = 1. So we can assume that n > k + 3 and by the inductive hypothesis and the fact that (x 2 C x n ) ≥ k + 2, we can deduce that (x n , x 2 ) ∈ A(D). It is clear that C = (x n , x 2 ) ∪ x 2 C x k ∪ (x k , x 0 ) is a vu-directed path of length k. From the k-quasi-transitivity of D and the fact that d(u, v) = n we can deduce that (v, u) ∈ A(D). The result now follows from the principle of mathematical induction.
Lemma 4.5. Let k ∈ N be an odd natural number, D a k-quasi-transitive digraph and u, v ∈ V (D) such that a uv-directed path exists. Then:
Proof.
1. As in Lemma 4.4.
As in Lemma 4.4.
3. Will be proved along with (4.).
By induction on n = d(u, v).
For the case n = k + 2 the proof is as in Lemma 4.4. So, to complete the base case let us consider the case n = k + 3. Let C = (u = x 0 , x 1 , . . . , x n = v) be a directed path. By the case n = k + 2 we know that (x n , x 1 ) ∈ A(D) and, clearly (x n , x 1 ) ∪ x 1 C x k is a x n x kdirected path of length k, so by the k-quasi-transitivity of D,
but the latter case can not occur because d(u, v) = n, and then (x n , x k ) ∈ A(D). Also from (1.) we know that (x k , x 0 ) ∈ A(D), so (x n , x k , x 0 ) is a vu-directed path of length 2 and d(v, u) ≤ 2.
For the inductive step let us assume that n > k + 3 and that C = (u = x 0 , x 1 , . . . , x n = v) is a directed path. If n is odd, then by induction hypothesis (x n , x 2 ) ∈ A(D), also we know that
is a x n x 0 -directed path of length k. By the k-quasitransitivity and the fact that d(u, v) = n we can deduce that (x n , x 0 ) ∈ A(D). If n is even, then by induction hypothesis (x n , x 1 ) ∈ A(D). So (x n , x 1 ) ∪ x 1 C x k is a x n x k -directed path of length k and it follows from the k-quasi-transitivity of D and d(u, v) = n that (x n , x k ) ∈ A(D), once again, (x n , x k , x 0 ) is a directed path of length 2 and therefore d(v, u) ≤ 2. This completes the inductive step and the result follows from the principle of mathematical induction.
Our next lemma also resembles a result obtained by Bang-Jensen in the study of quasi-transitive digraphs, although we are unable to characterize k-quasi-transitive non-strong digraphs, a nice behavior is observed in the condensation of a k-quasi-transitive digraph. We will say that a vertex u is k-absorbed are strong components of D such that there is a AB-arc then A → B, and that any non-strong quasitransitive digraph is a composition of strong quasi-transitive digraphs over a non-strong transitive digraph (its condensation).
The next few lemmas are oriented to prove that every k-quasi-transitive digraph has a (k + 2)-kernel with even k. Also a sufficient condition will be stated for the same result to hold with odd k. Lemma 4.10. Let k ≥ 2 be an integer and D be a k-quasi-transitive digraph. For every integer n ≥ 2 there does not exist a directed cycle C of length n in D such that, with at most one exception, for every arc (x, y) ∈ A(C ) holds that d(y, x) ≥ k + 1.
Proof. Let us proceed by induction on n and by contradiction in both the base case and the inductive step. If n ≤ k + 1, let C be a directed cycle with length n and the property stated in the hypothesis of the lemma, then we can choose an arc (x, y) ∈ A(C ) such that d(y, x) ≥ k + 1, but the directed path yC x has length (yC x) = n − 1 < k + 1 which results in a contradiction, so the result holds for every n ≤ k + 1.
For the inductive step let n ≥ k +2 be an integer and C = (x 0 , x 1 , . . . , x n , x 0 ) a directed cycle of length n with the desired property. If there is an arc (x, y) ∈ A(C ) such that d(y, x) ≤ k we can assume without loss of generality that it is the arc (x 1 , x 2 ), if there is no such arc the argumentation is the same. Since our only exception is the arc (
we would have a contradiction because (x 1 , x 2 , . . . , x k , x 0 ) would be a x 1 x 0 -directed path of length k, so (x 0 , x k ) ∈ A(D) and therefore C = (x 0 , x k ) ∪ x k C x 0 is a directed cycle in which every arc (x, y) ∈ A(C ), with the possible exception of (x 0 , x k ), fulfills that d(y, x) ≥ k + 1. But (C ) < (C ) = n and, by induction hypothesis, there are no directed cycles with this property of length less than n, so a contradiction arises from the assumption of the existence of C . We conclude that no such cycle of length n exists. 
A problem arose while working with the odd case since we could not find a good analog for Lemma 4.12 because, although almost the same proof can be done, we can not assure that once we have chosen a vertex v such that for every arc (v, u) it follows that d(u, v) ≤ k + 1, if we choose a vertex u such that d(v, u) = 2 then it will be the case that d(u, v) ≤ k + 1 like in the even case.
So a weaker analog of Lemma 4.12 will be proposed and proved.
Lemma 4.13. If k ≥ 3 is an odd integer and D is a k-quasi-transitive digraph such that at least one vertex
Proof. By Lemma 4.11 the set S is non empty and also there is a vertex v ∈ S such that whenever
At this point we have two possible courses of action. The one we will not follow is to prove directly that, for even k, whenever a k-quasi-transitive digraph has a (k + 2)-semikernel then it has a (k + 2)-kernel; this can be achieved by considering a ⊆-maximal (k + 2)-semikernel and proving by means of contradiction that it is (k + 1)-absorbent. But, even though it is a more efficient way to prove this fact, this would not give any information about the structure of the (k + 2)-kernel. So, we will use a couple of lemmas (including Lemma 4.9) that will help us to know how a (k + 2)-kernel look like, we will begin proving the strong case. 5 k-quasi-transitive digraphs: Main Results Theorem 5.1. Let k ≥ 2 be an even integer and let D be a k-quasi-transitive strong digraph, then D has an n-kernel for every n ≥ k + 2.
Proof. By Lemma 4.12, D has a (k + 2)-semikernel N consisting in a single vertex, but by Lemma 4.14, N is indeed a (k + 2)-kernel of D. But since N has only one vertex, then N is n-independent for every n ≥ k + 2, and since it is (k + 1)-absorbent, then it is (n − 1)-absorbent for every n ≥ k + 2, so N is an n-kernel for every n ≥ k + 2.
Theorem 5.2. Let k ≥ 2 be an even integer and let D be a k-quasi-transitive digraph, then D has an n-kernel for every n ≥ k + 2.
Proof. In virtue of Lemmas 4.9 and 5.1, it suffices to choose a subset N ⊆ V (D) consisting in an n-kernel for every terminal component of D, this set will be n-independent for every n ∈ Z + because every such n-kernel consist in a single vertex and terminal components are path-independent. Also N will be (k + 1)-absorbent because every n-kernel is inside its component and every vertex of D not in a terminal component is (k − 1)-absorbed by every vertex in some terminal component.
Let us recall that the out(in)-radius of a digraph is defined to be min{d(x, V )| x ∈ V } (min{d(V, x)|x ∈ V }), and that a digraph D has a finite out(in)-radius if and only if it has a unique initial (terminal) strong component. Proof. Let us prove the first assertion and the second one will follow immediately from Lemma 4.2.
If D has finite out-radius, then D has a unique terminal strong component, so it suffices to pick a (k + 2)-kernel there {v}. The result is clear from recalling that {v} is a (k + 1)-absorbing set, so v is the (k + 1)-serf.
At this point we want to remark that for every k ≥ 2 we can find a k-quasi-transitive digraph that does not have a k-kernel, that is to say, the directed cycle of length k + 1, C k+1 , which also is an example of a k-quasi-transitive digraph with a k-king rather than a (k + 1)-king. Nevertheless we have been unable to find a k-quasi-transitive digraph that does not have a (k + 1)-kernel, so the question remain open, and since every quasi-transitive digraph has a 3-kernel we are inclined to state the next conjecture. It suffices to consider the strong case, in virtue of Lemma 4.9 this would imply that every k-quasitransitive strong digraph has a (k + 1)-kernel.
Next, we deal with the odd case again.
Theorem 5.5. Let k ≥ 3 be an odd integer and let D be a k-quasi-transitive strong digraph such that at least one vertex
Proof. It is analog to Theorem 5.1.
Theorem 5.6. Let k ≥ 3 be an odd integer and let D be a k-quasi-transitive digraph such that at least one
Proof. It is analog to Theorem 5.2.
Despite this fact, we were actually able to work out an odd case. As we have mentioned before, GaleanaSánchez, Goldfeder and Urrutia successfully characterized the 3-quasi-transitive strong digraphs, their theorem goes as follows. Also, the authors of the present work have proved in [19] that every m-partite tournament has a k-kernel for every m ≥ 2, k ≥ 4. The exact same proof can be used to prove the next theorem. Finally, it is a well known result that every semicomplete digraph has a k-kernel for every k ≥ 2.
In view of this results we can deduce the following.
Proof. In virtue of Theorem 5.7, D is either a semicomplete digraph, or a bipartite semicomplete digraph, or a digraph of the third family depicted in the theorem. If D is semicomplete, then D has a k-kernel for every k ≥ 2. If D is a bipartite semicomplete digraph, then by Theorem 5.8 it has a k-kernel for every k ≥ 4. If D is a digraph of the third family, then it suffices to pick the filled vertex in Figure 2 ; that vertex is clearly a k-kernel for every k ≥ 3. Proof. Let k ≥ 4 be an integer. Let {S i } k i=i be the set of terminal strong components of D and N i ⊆ S i a k-kernel for S i , 1 ≤ i ≤ k, which exists by Lemma 5.9. It is clear from Lemma 4.9 
The set N is clearly k-independent since each N i is, and they are contained in terminal components. Also, every vertex not in a terminal component is 2-absorbed by every vertex in some terminal component.
We can get again a corollary about kings and serfs.
Corollary 5.11. Let D be a 3-quasi-transitive digraph and let n ≥ 2 be an integer.
• D has an n-king if and only if D has finite in-radius and the terminal strong component of D has an n-king.
• D has an n-serf if and only if D has finite out-radius and the initial strong component of D has an n-serf.
Proof. The proof is analog to the proof of Corollary 5.3.
We would like to point out that it follows from Theorem 5.7 and Corollary 5.11 that a 3-quasi-transitive digraph with finite out-radius (in-radius) which initial (terminal) strong component is not a bipartite semicomplete digraph always have a 2-king (2-serf). Sufficient conditions for the existence of n-kings in the case when the digraph does not have a 2-king (2-serf) can be obtained from the extensive bibliography (e.g. [22, 23, 25, 28, 29, 30] ) about kings in multipartite semicomplete digraphs.
Recalling that the directed cycle of length 4 has no 3-kernel, the result of Theorem 5.10 is as good as it gets, resembling the case when k = 2. So, considering that from the case k = 2 we conjectured that for even k, every k-quasi-transitive digraph has a (k + 1)-kernel, we have two conjectures on the matter for the odd case.
Conjecture 5.12. If k ≥ 3 is an odd integer and D is a k-quasi-transitive strong digraph, then D has a (k + 2)-kernel.
Conjecture 5.13. If k ≥ 3 is an odd integer and D is a k-quasi-transitive strong digraph, then D has a (k + 1)-kernel.
The former would match the results obtained for the even case in this work, while the latter would match the results obtained for the case k = 3 for every odd integer.
Conclusions
Three new families of digraphs were introduced, k-path-transitive, k-transitive and k-quasi-transitive digraphs, the second and third of them generalizing transitive and quasi-transitive digraphs respectively. Altogether with this definition, some results were proved that help in a first instance to describe the structure of such digraphs, resembling analogous existing results for the original classes. Also, these results where useful to prove the existence of k-kernels in the three aforementioned families, nonetheless, the problem of existence of k-kernels was no completely solved and Conjectures 5.4, 5.12 and 5.13 were proposed.
The existence of k-kings in the three families were also boarded, obtaining some necessary and sufficient conditions for their existence, but we think that the structure of the families is rich enough to ask for the exact number of k-kings, as it has been done for multipartite semicomplete digraphs. In particular, we propose the problem of generalizing the next result, due to Bang-Jensen and Huang [5] , to k-quasi-transitive digraphs for even k. Corollary 5.3 is the generalization of (i).
Another problem is to generalize the result of Ghouila-Houri.
Problem 6.2. Is it true that a graph G can receive a k-transitive orientation if and only if G can receive a k-quasi-transitive orientation?
And just like this couple of problems proposed, other problems originally solved for transitive or quasi-transitive digraphs can be generalized, maybe considering the even k case first, to k-transitive and k-quasi-transitive digraphs. As a matter of fact, although the introduced families are a fertile ground to work with dominating or absorbing structures, we think that, considering the properties of transitive and quasi-transitive digraphs, they may be also a good class to work another problems such as maximum length directed paths and cycles or Hamiltonicity.
